The paper is devoted to introduce a new category, called strong coarse shape category for topological spaces, SSh * (Top), that is coarser than strong shape category SSh(Top). If the Cartesian product of two spaces X and Y admits a strong HPol * -expansion (HPol * -expansion), which is the Cartesian product of strong HPol * -expansions (HPol * -expansions) of these spaces, then X ×Y is a product in the strong coarse shape category (coarse shape category). As a consequence, the Cartesian product of two compact Hausdorff spaces is a product in the coarse shape and strong coarse shape categories.
Introduction
F. W. Bauer [1] was the first to define and study strong shape for arbitrary spaces. Recently, N. Ugleic and N. Bilan [3] have extended the shape theory by constructing a coarse shape category, denoted by Sh * , whose objects are all topological spaces. Its isomorphisms classify topological spaces strictly coarser than the shape does. The shape category Sh can be considered as a subcategory of Sh * . The shape and coarse shape coincide on the class of spaces having homotopy type of polyhedra.
In this paper, we take inspiration from these two categories and introduce in Section 2 the strong coarse shape category SSh * (Top), that is coarser than strong shape category SSh(Top). Keesling in 1974 [5] proved that if X and Y are compact Hausdorff spaces, then X × Y is a product in the ordinary shape category. Also, Mardešić in 2004 [6] investigated on the product in the strong shape and showed that if X × Y admits a strong expansion, then X ×Y is a product in the strong shape category. In particular the Cartesian product of two compact Hausdorff spaces is a product in strong shape. In Section 3, we study the existence of product in the coarse shape and strong coarse shape categories. We prove that if the Cartesian product of two spaces X and Y admits a strong HPol * -expansion (HPol * -expansion), which is the Cartesian product of strong HPol * -expansions (HPol * -expansions) of these spaces, then X × Y is a product in the strong coarse shape category (coarse shape category). As a consequence we show that the Cartesian product of two compact Hausdorff spaces is a product in the coarse shape and strong coarse shape categories. Moreover, we show that the shape groups and the coarse shape groups commute with the product.
By the fact that every inverse system is isomorphic to a cofinite inverse system [8, Remark 1.1.5], in this paper every inverse system is assumed to be cofinite inverse system.
The strong coarse shape category
In this section we define the strong coarse shape category for topological spaces, denoted by SSh * (Top) that is coarser than the strong shape category SSh(Top). The objects of this category are topological spaces. To define its morphisms similar to strong shape morphisms, one needs the coarse coherent homotopy category CCH which define similar to the coherent homotopy category CH. For the sake of completeness, let us briefly recall the well known notions and main facts concerning the coherent homotopy category and the strong shape category (see [7] ).
Let HTop be the homotopy category of topological spaces, then the objects of the coherent homotopy category are inverse systems in HTop. To define its morphisms, for a pre-ordered set M, we consider the sets M m of all increasing (m+1)-tuples µ = (µ 0 , . . . , µ m ), m ≥ 0, where µ i ∈ M and µ 0 ≤ . . . ≤ µ m . We callμ is a multiindex of length m. We also define face operators d . . , t m+1 ) = (t 0 , . . . , t j−1 , t j + t j+1 , t j+2 , . . . , t m+1 ). A coherent mapping f : X = (X λ , p λλ ′ , Λ) → Y = (Y µ , q µµ ′ , M) is a map which consists of an increasing function f : M → Λ and of mappings fμ :
A coherent homotopy from X to Y is a coarse coherent mapping F = (F, Fμ) :
. A morphism in the coherent homotopy category is the homotopy classes of coherent mapping f which is denoted by [f] .
In order to define the composition h = gf = (h, hν) :
Also there exist affine homemorphisms c
The composition of homotopy classes of coherent mappings is defined by composing their representatives,
Now, we define the coherent functor C : pro − T op → CH as follows:
Also, we define the forgetful functor E : CH → pro − HT op. Put E(X) = X and if f = (f, fμ) : X → Y is a coherent map, then E(f) to be the homotopy class of the (f, f µ 0 ) : X → Y. Now, let us to recall some of the main notions concerning the coarse shape category and the pro * -HTop (see [3] ). Let X = (X λ , p λλ ′ , Λ) and Y = (Y µ , q µµ ′ , M) be two inverse systems in HTop. An S * -morphism of inverse systems, (f, f n µ ) : X → Y, consists of an index function f : M → Λ and of a set of mappings f
, and there exists an n ∈ N so that, for every n ′ ≥ n,
) : X → X, where 1 Λ is the identity function and 1
The relation ∼ is an equivalence relation. The category pro * -HTop has as objects all inverse systems X in HTop and as morphisms all equivalence classes f * = [(f, f n µ )]. The composition in pro * -HTop is well defined by putting
In particular if (X) and (Y ) are two rudimentary inverse systems of HTop, then every set of mappings
Let p : X → X and p ′ : X → X ′ be two HPol-expansions of the same space X in HTop, and let q : Y → Y and q ′ : Y → Y ′ be two HPol-expansions of the same space Y in HTop. Then there exist two natural isomorphisms i : X → X ′ and
, provided the following diagram in pro * -HTop commutes:
Now, the coarse shape category Sh * is defined as follows: The objects of Sh * are topological spaces. A morphism
The identity coarse shape morphism on a space X, 1 * X : X → X, is the equivalence class < 1 * X > of the identity morphism 1 * X in pro * -HTop. In the following we introduce the coarse coherent mapping. 
If X and Y are inverse systems in HTop over the same index set Λ and
) is said to be a level coarse coherent mapping. Lemma 2.2. With the notation and assumptions of the first of this section, let 
provided F ≥ f, f ′ and there exists n ∈ N such that for every n ′ ≥ n and for all
A morphism in the coarse coherent homotopy category is the homotopy classes of coarse coherent mapping f * which is denoted by [f * ].
Lemma 2.4. Homotopy of coarse coherent mappings is an equivalence relation.
Proof. Reflexivity and symmetry are obvious. To prove transitivity, assume that
is a coarse coherent homotopy, which connects f * to f ′′ * .
The following lemma has a similar argument to the proof of [7, Theorem 2.4] .
By Lemmas 2.4 and 2.5 we can define the composition of homotopy classes of coarse coherent mappings by composing their representatives,
Let us define functors
is an isomorphism in CCH. Also, we define the forgetful functor E * : CCH → pro * − HT op as follows: Put E * (X) = X, for every inverse system X in HTop.
, where for every n ∈ N, f n µ = fμ for allμ ∈ M m . Now we are ready to introduce the strong coarse shape category. First, we Recall that an equivalent definition of a strong HPol-expansion of X. A map p : X → X is a strong HPol-expansion of X provided, for any inverse system Y in HPol and any [7] ). Now, let p : X → X and p ′ : X → X ′ be two cofinite strong HPol-expansions of the same space X in HTop, and let q : Y → Y and q ′ : Y → Y ′ be two cofinite strong HPol-expansions of the same space Y in HTop. We know that the maps
Now, we define the strong coarse shape category SSh * as follows: The objects of SSh * are topological spaces. A morphism
X → Y with respect to any choice of a pair of strong HPol-expansions p : X → X and q : Y → Y. In other words, a strong coarse shape morphism F * : X → Y is given by a diagram
The composition of 
Thus every morphism f ∈ HT op(X, Y ) yields an equivalence class < [f * ] > i.e. a strong coarse shape morphism
HT op → SSh * becomes a functor, called the strong coarse shape functor. Also, we can define the functorS * : HT op → SSh * byS * =J * •S whereS : HT op → SSh is defined in [7] andJ * : SSh → SSh * is induced by the functor J * defined in this section.
Therefore if X and Y have the same homotopy type, then they have the same strong coarse shape type. Also, we have SSh(X) = SSh(Y ) implies that SSh * (X) = SSh * (Y ). Now, we define the functorĒ * : SSh * → Sh * as follows: PutĒ
spaces X and Y . Therefore the position of strong coarse shape theory is between strong shape and coarse shape. From this fact and results in [2] we have the following theorems.
Theorem 2.8. Let X and Y be topological spaces and let SSh * (X) ≤ SSh * (Y ). Then the following assertions hold:
Theorem 2.9. Let X and Y be topological spaces and let X be stable. If X and Y have the same strong coarse shape type, then Y is also stable.
Theorem 2.10. Let X be a topological space and let P be a polyhedra. Then SSh * (X) = SSh * (P ) if and only if SSh(X) = SSh(P ).
Proof. Let SSh * (X) = SSh * (P ), then Sh * (X) = Sh * (P ). By [2, Theorem 5], Sh(X) = Sh(P ) and so SSh(X) = SSh(P ) by [7, Theorem 9 .19].
The following corollary is a consequence of Theorem 2.10. Corollary 2.11. Let X or Y be a stable space. Then X and Y have the same strong shape type if and only if they have the same strong coarse shape type.
The following example shows that, in general, the induced functionĒ
is not injective and the induced functionS 3. Products in strong coarse shape and coarse shape
As it is shown by Keesling in 1974 [5] the ordinary shape category doesn't have the product, in general. He also proved that if X and Y are compact Hausdorff spaces, then X × Y is a product in the shape category. Also, Mardešić in 2004 [6] showed that X × Y is a product in the strong shape category when X and Y are compact Hausdorff spaces. In this section, we intend to study the existence of products in the coarse shape and strong coarse shape categories. We define an HPol * -expansion for a topological space X and show that if the Cartesian product of two spaces X and Y admits an HPol * -expansion (strong HPol * -expansion), which is the Cartesian product of HPol * -expansions (strong HPol * -expansions) of these spaces, then X × Y is a product in the coarse shape category (strong coarse shape category). In particular, the Cartesian product of two compact Hausdorff spaces is a product in these categories. Finally, we show that the k-th shape groups and the k-th coarse shape groups commute with the product for every k ∈ N. Definition 3.1. Let X be a topological space. An HPol * -expansion of X is a morphism p * : X → X in pro * -HTop, where X is an inverse system in HPol with the following property: For any inverse system Y in HPol and any morphism h * : X → Y in pro * -HTop, there exists a unique morphism f
Remark 3.2. Let p * : X → X and q * : Y → Y be HPol * -expansions of X and Y respectively, for every morphism f : X → Y in HTop, there is a unique morphism f * : X → Y in pro * -HTop such that the following diagram commutes in pro * -HTop.
If we take other HPol
Hence every morphism f ∈ HT op(X, Y ) yields an equivalence class < [f * ] > i.e. a coarse shape morphism F * : X → Y , we denoted by S * (f ). If we put S * (X) = X for every topological space X, we obtain a functor S * : HT op → Sh * , called the coarse shape functor. Now, we intend to prove that X × Y is a product in the coarse shape category with some conditions. First consider some notations.
Let
is an inverse system and set of the mappings p 
Proof. Let f * and g * be given by mappings f n λ and g n µ . To prove existence of h * , consider the mapping
To prove uniqueness, assume that we have a morphism h We are going to show that X × Y with maps S * (π X ) and S * (π Y ) is a product in Sh * . Let Z be a topological space and let F * : Z → X and G * : Z → Y be coarse shape morphisms. We must prove that there exists a unique coarse shape morphism 
the following diagram is commutative:
It follows by Remark 3.2 that S * (π X ) =< π * X > i.e. the morphism π * X is associated with the shape morphism S * (π X ) and so the morphism π * X h * is associated with the shape morphism S * (π X )H 
Proof. Let P = (P ν , r νν ′ , N) be an inverse system in HPol and let h * : X × Y → P given by (h, h n ν ) be a morphism of pro * -HTop. We consider the maph * : 
Note that the morphism p * : X → X is given by a set of mappings p n λ : X → X λ , for λ ∈ Λ and n ∈ N such that there exists k ∈ N with p λλ ′ p
The following theorem is an equivalent definition of an HPol * -expansion.
Theorem 3.6. Let X be a topological space. A morphism p * : X → X is an HPol * -expansion of X if and only if for every polyhedron P it has the following properties: (C1) For every set of mappings h n : X → P , there is λ ∈ Λ, m ∈ N and a set of mappings Proof. Let p * : X → X be an HPol * -expansion of X and P be a polyhedron. We must verify conditions (C1) and (C2). Let h n : X → P , n ∈ N, be a set of mappings. This maps induce a map h * : (X) → (P ) of pro * -HTop. Since p * is an HPol * -expansion, there exists a unique morphism f * : X → (P ) of pro * -HTop such that
To verify the property (C2), let f n 0 , f n 1 : X λ → (P ) be two sets of mappings and let there is k ∈ N which the mappings f
be an inverse system in HPol and h * : X → Y be a morphism of pro * -HTop determined by h n µ : X → Y µ . By the property (C1) there is λ ∈ Λ, m µ ∈ N and a set of mappings f
Proof. We must verify conditions (C1) and (C2) for p * × q * . Let P be a polyhedra and let h n : X × Y → P , n ∈ N, be a set of mappings. By property (C1) for
This establishes property (C1).
To establish the property (C2), consider λ ∈ Λ, µ ∈ M and let f k 0 , f k 1 : X λ ×Y µ → P be two sets of morphisms such that there exists
The following result is a consequence of Theorems 3.4, 3.5 and 3.7.
Corollary 3.8. If X and Y are compact Hausdorff spaces. Then X × Y is a product in the coarse shape category Sh * .
In the rest of the paper we intend to obtain the same results as above results in the strong coarse shape category. We will show that X × Y is a product in the strong coarse shape category with some conditions. 
Proof. First note that there is no loss of generality if we assume that the indexing sets Λ and M have initial elements λ * and µ * , respectively [6, Corollary 2] . Let f * : (Z) → X and g * : (Z) → Y be coarse coherent mappings given by f
. Now, we must verify that h * is also a coarse coherent mapping. For this, since f * and g * are coarse coherent mappings, there exist n 1 , n 2 ∈ N such that Equation (2) holds for f n ′ λ and g n ′′ µ for every n ′ ≥ n 1 and n ′′ ≥ n 2 . By putting n = max{n 1 , n 2 } and using the proof of [6, Corollary 2], one can see that h n ν satisfies in Equation (2) and so
, recall that a representative of π * X is the mapping µ * π n X , which consists of the index function λ → (λ, µ * ) and of the first projections µ * π
has as representative the coarse coherent mapping k * : (Z) → X given by the mappings k
It suffices to exhibit two coarse coherent mappings k ′ * : (Z) → X and k 
Now, we explain two conditions (SC1) and (SC2) for a morphism p * : X → X and polyhedron P which are equivalent to the definition of strong HPol * -expansion for a topological space X (Definition 2.6). (SC1)=(C1), (SC2) For λ ∈ Λ, let f n 0 , f n 1 : X λ → P be two sets of mappings and let there exists k ∈ N such that F k ′ : X × I → P be a homotopy which connects f Proof. By converting map f : X × Y → P tof : X → P Y and note that if P is a polyhedron and Y is a compact Hausdorff space, then P Y is a polyhedron [8, Theorem 1], the result holds (see [7, Theorem 7.5 
]).
Theorem 3.12. Let X be a topological space. A morphism p * : X → X is a strong HPol * -expansion of X if and only if for every polyhedron P , it has the properties (SC1) and (SC2).
Corollary 3.13. Let p * : X → X be a strong HPol * -expansion, if Y is a compact Hausdorff, then p * × 1 : X × Y → X × Y is a strong HPol * -expansion.
Proof. This is an immediate consequence of Theorems 3.11 and 3.12. Also, by similar argument of the proof of Theorem 3.5 and by applying the universal property of strong HPol * -expansion p * : X → X the result holds.
Theorem 3.14. Let 1 × q * : X × Y → X × Y and p * × 1 : X × Y µ → X × Y µ be strong HPol * -expansions, for every µ ∈ M. Then p * × q * : X × Y → X × Y is a strong HPol * -expansion.
Proof. We must verify conditions (SC1) and (SC2) for p * × q * . The verification of condition (SC1)=(C1) performed in the proof of Theorem 3.7. It thus remains to verify (SC2). To establish this property, let λ ∈ Λ, µ ∈ M and let f n 0 , f n 1 : X λ ×Y µ → P be two sets of morphisms and let there exists k ∈ N that F k ′ : X × Y × I → P be a homotopy which connects f The following result is a consequence of Theorems 3.10, 3.14 and Corollary 3.13.
Corollary 3.15. If X and Y are compact Hausdorff spaces, then X × Y is a product in the strong coarse shape category SSh * .
